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RIS

AJE A tutorial implementation of a dependently typed lambda calculus I SCHBERRAR, &
EF N ANHIWreksh 780 A ri e, HERRZE %R, (EER R A T BRI B R A AT
73, DMERIEE, RiE (terminology) TEIE X HEE — IR MERAHE TS DG R4E (W) B Italic (English)
S, WERFEADKEREDIOA, WS XA AZ I, A e = s, anaiiz
SHERRR E R, TETE https://github.com/chuigda/CoreBlogPHP-NG/issues [AIBEE R £ o

TR

A T HAE A ORI, FHR At T — AT Haskell SKHE, ASCEEHFIE T
MR BRI X RS PR RMRAE SRR N A FTRRAEE, HAh, ASORR Ty R ODE S
MRS, Hath TV INURBIRE P . A St — Ao TR a5 AL
RIMASE A S T A R Gt

1. e
Vi 22 BAGRIRE LE AR A B (dependent type) SERILTR AR D, AR BE: fR(E25% 2 i
KT R, TS R ASEIEIR, DU, e,

R, AR AAAEE AR TS ERRRU RS Rt TR L, IERN
Haskell S SCRE) SCREESHRERY, W RBUIRMIR) 2 SHEEREE, RIBSRARERIRR, £ H
18 (impredicative) MR, PLILAIRR, FEFE R XHRE ST A K

PR R A DOMRAE A i iR = B, X2 RHASR(E SRR — 2D M L EftG 2 —. RE Hl
E4H 7D ETRERRAESE LI TREMGRIES, BXE TASRZMM TI/EAZ
—PEXER, TRR— B0 X TRE BRI SRR AT 2 2R A SRS | (AP 5R I, IX
SRS BRI R BRI ARG A FIRANZ —EIR,

ARG LR N\ IEE (simply-typed lambda calculus) (55 77) TG, 4 THRIEL, KIEM
RAUFGE BIECAITEA] Haskell SEE, DA BRI N BN R, ASCH — P78 s/ MERIR
B KA X\ JEE (dependently typed lambda calculus) (5E="17),

% Pierce BH R KBIRG [2110E R, ASCE IR T TARAERAY \ 1B I8 fr 7R AU RLTE AN <2
PTTTHI AR, S NRIFHR, ITREEE R AERBR A2, B 170 i R AT ae Bt
IRIXEEARTE | BELE DA KA B2\ Ti R A 328 R AT RNV e I B 2R A,
REARSCEA LIRS, FATTRMEASCR] PAVEDY Haskell FRIERTR R GESCIMAI ]
IR, LU —MRURG 2 FZ I HP MO TR RERE 2 — RERNT TR 2R


https://www.andres-loeh.de/LambdaPi/LambdaPi.pdf
https://github.com/club-doki7/LambdaPi
https://github.com/chuigda/CoreBlogPHP-NG/issues
https://www.andres-loeh.de/LambdaPi

A SRR N AR T, RS R BB AN OUR, (FAR AR AIERE, it
A2 .,

HAREHERAISINENX N ETEE D, A REEIEAIERER R 21, R, FRATESM
THEUR TAMA R B 2AB & & (vector) I RBATHNIES . M SIS HORHRESA, Fi1%
H T2 A EIE R, DRI ERMTI R OB R TR, T FH AR 7 figRe ) B B,
A PAATEE AN B 2 w2,

&), BAIEL T RGRR R A SRR E S AR, H TR iR R 2R R
GNRAEMN, M TS ASCHRINIRICR, AR AR RENS ORUL™ A TEIE BAT TR SR,
HHEXFT R, Wi, e PSR At 7 N ERT A,

ASFARREAE U AR T, AR PR SEIR S B A RIEZE R g ARIE =  JAT, 3RAT]
T A S REW THRR B RR 7 GO SR A1 22 1R, R8s it — PR RIX— A%
AT TR

2. T B )\ (L

TERRMCAERAIL RS, FATREMNBCEITUIA T, Fit, TEARTH, BATRAT IS e Ry
MR, IFR Ao MERNE S ESRUE, A BE/MIUESRMREAIES, B MATR (term) &
TR T8, AFRERAMEM, MHELT/FN ML 8 Haskell 5 37357 2 2882 MUR1 K R My 38 T
(type constructor) FIE T HIEAHAARLE R RN, X JEH (typed lambda calculi), \_ FIZEHE 210 HRAS
%, TEA AR, HRECREIRGER 2 A (polymorphic), WIS HIARSMEFLN,
A B9 IEFA (strongly normalizing) W : X TAEMIRIA, JCICRERIEM, KELZREEL,

2.1. MR IEE
A HURENE S N H AP R FE—HEARE o; EERH 7+ — 7/ M NEESZ 1T,
RE—AS 77 ERER:
rea RA%H
|7 — 7 bR %5 2k A

A HEERADT: W KA EM (type annotation) HITRI, ZL& (variable). A (application)
I X\ 32 (lambda abstraction):

ex=e:nT 2K A VE IR 5
| © xE
| ee’ Joid

| Az — e P E

TR A] AR SRAERE (value)y — MEE2ge—" NP IR (neutral term) —— NN H TF N
MERNZE R, BEr2—D AR

vi=n o T3
| Az — v PN :E
n =z xE
| nv ol

VTR R MUX —ARITERREE B SRR RAESR BN TS https:/m.or.gd/notes/mltt-20230703.pdf,

SRR AARS < BF e FrRIMTEHR R, M, 1E Haskell 1, 55 “:” BHIEFIZRAT cons 185
¥, [t Haskell (5 0 R MRIRE T AR ERT . RSO R AT REMIENE Haskell 187%, DA%/ NSRRI
KRG S < MRTETAZ .


https://m.or.gd/notes/mltt-20230703.pdf

2.2. i

AL FSRAERIN CRZP) W 1 iR, 185 e | v Bt e B REMNERE vo KA BIRIE
MALHES, KREREBEATREZE, RN, ATV REHIIETE R RERK—5E A
NERIZRTE, R REN RS2, KETESF(ITEEY,

ME—{E1F ERE LR R A « TEXT B2 SRAEI, 35 Z24KHE p A A2 3 B+ I SRAB S5 SRAE AN F Y
1780 M PR SKIESE R 2 RN, SKIETCIERSHT, N FBAHER DT IR RE S RAH
B HTI AR A TR SRES R E X HMRE, FATHITB-124 (B-reduce), IX—idi2
AIREFZAE M AT VA2 IR (redex, reducible-expression, % R 7 )4k kK ), KILFRMTEEX p-1H
LIS RS RAE,

ey v R M A
exTlw
REEELBIEEEY
vzl
edv KAE A F& P

Ar — el Az —w

el Az —v vzl
ee’ v

B RE: EAMTIE X EBE

eldn Vv ypEkE: £BHTRE TR
ee/ Jnv
1 AL FSRAERLI
YERBIF, AT @A I —EIa il e 10 SRIESS R FATH id RE51AI0 Az — =, H const R
TR Az y — = —XFE R Az — Ay — x BIIBTER,
(deoa—a)ydy
(const: (B—=pB) 2 a—B—p)idy | id
2.3. KRG
KA (type rule) RESTEUNT + e :: 7, IXFIRIETEE T H, TR e BB 7o K AIEIR (typing
context) FHIH THMAVEEALA FHRARPFESRBGEEHEXREL BATH o« TR a Z2—D
HAREA H oz r FORFEI 2z BZRALE 7,
I'us=¢ FHRAIER
| Ty v B — AN REARRF
| T,z or B0 — A TR IR
TRIAIR A B & (free variable) HRAAAERANER R H B, Flan, anRIRA1Z A
const AERM (B = B) - a— B — B, NRANERPE/DNIZEE:

azk, Bk const (= B)oa—= B0

TR o 1 8 ZIEENH const AR ATT AR,

T XTSRRI IR,



B B, BAHERE 2 hga 7 IES R HA R E o

valid(I") valid(I') T'F 7%
valid(e)  valid(T, « :: ) valid(T', z :: 7)

[(a) = * FFrax THT x
Tran« [TVARL —ppo =0 [FUN]

B2 A HRBNEREN B A (well-formed) A

2 YRGS RE T — D 2EREMT 2600 N2 BRI —— 28R T B A8 AR
TEVESE PRI, FE2RRY B A (well-formedness) LU LUK S S22 RIRNI R, FRATIRE S H %
FITh B AR A L

ERA L ARZEN: FPERFRRIFIRE D BARRZER, AREPESEBIL,

RZE, BATRTAGHANE 3 FoRp SR, FATAHERT X e R BRRAL, IRt i
IR BBV T ARG, AL TATTAT DURA 5 HUOAE 2 R AR AR T, 28 B A FH AR A,
Hlit, H—PIRARRAGERIRARAR, RAVGIFNIR L ) SRR RS ERIR
AOREIN,, FRATIZARBIRINAR | o HATXLEILS RN THRE—EE R, HEEKHH, FHf
ANz TR 22 53 2R .

I'EF7ux T'kesT I‘(x)zq—
Treanmr W rrgny VAR
F'texpr—71 The T
F'Hee =47/ [APP]
F'Fexpr Toxurhen) 7
Fkex 7 [CHK] F'FXz—exy7—1/ [LAM]

3 AL HSAE

PATTE KRB TTHWIR (inferable term) [ANN], FATREHT EREAR A TR IS HEERUTE MR T L
xt, RIEIREZERY, L EREAI] DAEME &R [VAR], N T R A [APP], FATEJCACELR
W e——ERMBARECEER, RIGTNTHSE ¢/ 5REBHE AT ILEL, R PR EHTIR ]
FALENEERITIRAL,

SIS TR ARG A, SR FATTREHERT H— MA IR R R HIZRA 54572 R —%,
AR 2 %R TR BT IS 45 8 R AR & [CHK]. X iR L REWAG & N AR A [LAM], BATITEY J&
JEHIESR AR X IR A& EAE (body),
BER, XN LB =S (syntax-directed) Y : RS JEHE ARG 2 IR A HE T I AT R
] [CHK] ACLF- AT PAPCECAEARTIAI T, SRR Fh o7 T HERT X f R AR BIAGRIN, thig s BX
KA SRR, AR Rl s A RN, R, X SRR ] DABR A 5 e Hioh TR A S I A,
PAR B ARSE_E IR R HE PR AR id A const YAV H W (type judgement):

kY Fdia—a)y:a

ank, yua fukxb(const: (B—op)—wa—F—=P)idy:pf— B

R M AR TRIECZ X3 (domain)”, “IREIZRAVRVEMES (range)s “EBUX—AKIBEIHFAIE, BRI
F38/F) 53, (codomain), TRAITE1E AR (image/image set), HAEFTIRIER T, HE S (Set) 5EA (Type) RN
—K, WAZ5IHF2RGER, FREl, BEHHE TN MRE, S—0HmARE R 9RERE, =T
KHEIPHNR, AR TREAEER, BOLEHEE T BITIR R,
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2.4. B

WTE, FRAMGH—I_ B Haskell SEPH, FRATHRMAE T —PMHTX KA B E W (well-typed) TR
BERURAERS, PAN—THTXN AN TR BRI BRE, SIS AT INIA N B X
RAEFEI&

FU I SEER 7 A B 2 B B, A DEREASEEL T AR RE L TR T R BB ER A R 58, i
FHEOR B T ERERIRAR, IEFRATGEM T TREIENATL, £ Tk, BATSHEEN ST
WK, HEH BT R, FERHNE, N TFRERBPLIURM, (T —RntEEasr
TR,

2.4.1. BRAENI TR
HIRZ AR ER] DA TROREE X & (bound variable), BT TIEERSE MRS, N TERK
FREEHIR AN, FBAFELI AR R T IEREAR R RN 15,

BAMEH A=A E R (de Bruijn indices) RN mEbghEL & : BT MAFFA RS TR
T, BFHE OR R MR B G I NE RIS E AR (binder) ZIAING T 2/ 0240 ERT, Hilan, f#
REMERRSG], id AIPAER A — 0, M const ATPAE LA — AL, IX—FRIERMNIEE T ATE
HamAE——IAZ BIH a-Z M (a-equivalence)’ I AL AE EAB LM (syntactic equality)s

BB ARG HES N2 B A B AR B A TR U 2 RRT,  FRATRT AR A e IR TR
FoRHHZR, HXERSIZERE (relative) —— SFA TR MADL #EA X FRIXNAERR,
IXEEZR T [RAJFUAH I 10 BT

[KIH, FATMEH4a 5 —— Rt R & #R (name) —— RN H IR &, 1XFP0y J #2% & i &7
JYHER T2 B R IR 42 JR A2 = i AR B A RUBGENR N B3 B4 (locally nameless) 278i2: [23, 13],

o, BAT M H S M 215 7% (high-order abstract syntax) 737ME : 8 FH Haskell PRIECR R R ELE,
IXFEAE AL T FRATTAT AR Haskell RYRRECN A, 00 H CSCER, AHHO A a3k
(name capture)o IXFNFT 1L — /Nt S8 Haskell BRERE A REE R, HABEH TAE % (equality)
K, FiohE, WIERES]H (quote) FIEMRIIRTRIZI, X—8RFE AT DI 5 . 7R3
E X FERESRNREGER G, B2 THe5 AL,

2.4.2. 53 B A HEWT R ] R A I

IEWEATHEE 3 BN, BYSRBSRR A iR B9, FATTX 0 7 AT BATSE 2R B I (FR g ] HE T I3
TR TRERG BRI (FT A8 IR checkable term) . PRS2 IR AT HERT I > [AIIX RHETEX 7 2
/DAl DUBTAZ] Pierce 1 Turner ISR [22]0

MR, TATRTDAESRIGOETR RN A 90 22 B AR AR E I — XA A Tk
HPNERIEMT I . 2R, BERS NV ERGADRERAZIFE AR, BAH 1 E IR,
LA BTG ZOR D N FE R RERAEM 1, FELE, RVPRINER X FEAR IS
JRAFIE L MR TIRKAIEER]: T4 e (Ax — €”) BIRREUN F AT DATE A 2R RUbRERIIE L B
EFE, KN o BUZRAEH e BUZPLDUER],

ST A/NTTPRAEUERCN “Representing bound variables”, EiFA“GSEL EIFR ARLMANTTHENEA
IR T e ZRNFOR, K.
SHEE: EXHE, HEMHENHE N F=ETRIIAT —MER VL

" “a-equivalence” JRTE a-“equality”s



2.4.3. fhgRiEL
BATHATHERTIR (Ternt) . AIRREEIR (Terme) FIZHFR (Name) 51 LA R EHE2EAY

data Term+
= Ann Termv Type
| Bound Int
| Free Name
| App Term™ Termv
deriving (Show, Eq)

data Termv
= Inf Termr
| Lam Termv
deriving (Show, Eq)

data Name
= Global String
| Local 1Int
| Quote Int

deriving (Show, Eq)

h RREMATIATILA Ann FoR, WIATATIA, BATHBEFTRAE LR Bound), HBFRFREH
A H (Free) o AREEH G 2RLAIBIHBEH TR (Clobal), HFARMERIL N~
TERF I, BATRERIERT T ARG Z RIm N — N BB, A Local RRIXE
W, WHATIIAN, FAEA uote H1EF, MIET App™ KR A

AERTIOE IS T Inf IRAZIA &, A iR (BB TEMERRSG], AR5
NEARIZER) #H Lan TR,

FHUVE PR : KBUBRIART (TFree) FIBREET Sk (Fun) o FRATHIBUFRIRTTE A Nane BRI, 1E
AL, REZH EASAEHEER, FTUATE Bound HIE T

data Type
= TFree Name
| Fun Type Type
deriving (Show, Eq)

{BEALHE X 1% (Vian) AT (WNeutral)s

data Value
= VLam (Value -> Value)
| VNeutral Neutral

IEFAHE TS S SIEIER BRI, FRAMEHZEEN (value -> value) HY Haskell HYBRRIER
FORREUE, HIan, R const SRIESGILSASENE vian (\x -> VLan (\y -> x))o

HoFH IR ERANE A LB RIEXREEYWES, —MHHEIE2ZE—1TEHHZE
(NFree), Z2ZFHMETUNERIRE (NApp)o

SHEE: ESCR G, MRIE SR

"B JFXN “passing a binder”s [K4 pass BERT DAFOR B AT AFOR L8, RN XD TIEHMESE,
Rl AL R HEN,

PR RXHFSRPRIEER 0, FEE R AR,
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data Neutral
= NFree Name
| NApp  Neutral Value

BANGIA— R vEree, HT QIR N T HHZRIIE:

viree :: Name -> Value
vfree n = VNeutral (NFree n)

2.4.4. M8

FTRAEAICRETE R 4 FZE Ho BRER evals F evale SZEL T O T ITURN Y AG 25 I (4 A5 SRABHILI
BRIES5E 1k, BWX—EBE# 7Y,

BB G s — M S EIAR Env SR, R B R AT FRE, Env A] AR
BAHSZIR R — 3R [Value], HHEE i NMTEMNNEZE Bound 1o HHEA—BEYTERFRT, FA]
MR (FIRAVSLER) IIN— DT E; HiBZIZ & sound I, TRAIEEH Haskell 1 1 IBETF
MBNFRHEH IERR TR,

AT AR (Lan), FATIFIA—A Haskell BEEL, R E LA ELE o BINEEMEH, A
JER R EUA KA

type Env = [Value]

evalr :: Termt -> Env -> Value

eval® (Ann e _ ) d = evalv e d

evalt (Free x ) d = vfree x

eval® (Bound i ) d=d!! 1

eval® (App e e') d = vapp (evalr e d) (evalv e' d)

vapp :: Value -> Value -> Value
vapp (VLam £ Yv=r=~Fvy
vapp (VNeutral n) v = VNeutral (NApp n v)

evaly (Inf 1) d = evalr 1 d

evalv :: Termv -> Env -> Value
evaly (Lam e) d = VLam (\x -> evalv e (x : d))

B4 A SRIEASHYSEEL

2.4.5. B85

TEE TR AE 2 A1, M50 SCEANER, BRI (RIAR) FIREAT, AR
5 * (HasKind Star) B — A (HasType ©) KGR, BRINY R B A RIEILAIZRI cons 1§
1E (o) S2BRY; TEIBR P ERARNE A Haskell FIFRESZREKEL 1ookup HEATHY,

data Kind = Star
deriving (Show)

data Info
= HasKind Kind
| HasType Type
deriving (Show)

type Context = [(Name, Info)]



2.4.6. FRIK

IRERATSLENE 3 H P fEIRRN, (RESanE 5 Fim, RARGERIERTRESIN, TN T HEHIE R
IR, ZEIEEH Result BF (monad) IRIAIZER, RN, EAERE, FAMEHIRERES
IREF

type Result a = Either String a

FHAEHEREL throwError @@ String -> Result a fREEHIR,

P TR R typer SR Al —PIAY T AT Al A A BRI Y types BE3Z—PERUENRIA,
FIRIE] ()0 KRR BAMER BREL kindy 1250, PRECE SCFRRIERD 70 SCBR ELREX B — 2R

kindv :: Context -> Type -> Kind -> Result ()
kindv [ (TFree x) Star
= case lookup x ' of
Just (HasKind Star) -> pure ()
Nothing -> throwError "unknown Identifier"
kindv I (Fun Kk k') Star
= do kindv I' k Star
kindv T k' Star

typet® :: Context -> Termt -> Result Type
typet® = typet 0

typet :: Int -> Context -> Termt -> Result Type
typer 1 [ (Ann e 1)
= do kindv [ T Star
typevy 1 [ et
pure T
typer 1 [ (Free x)
= case lookup x [ of
Just (HasType T) -> pure T
Nothing -> throwError "unknown identifier"
typer 1 T (App e e')
=do o <- typer i T e
case ¢ of
Fun T t' -> do typev i [ e' T
pure t'
-> throwError "illegal application"

typev :: Int -> Context -> Termv -> Type -> Result ()
typev 1 [ (Inf e) T

= do t' <- typer 1T e

unless (t == t') (throwError "type mismatch")

typev 1 [ (Lam e) (Fun Tt T'")

= typev (1 + 1) ((Local i, HasType t) : IN)

(substv 0 (Free (Local 1)) e) t'

typev 1 [ _ _

= throwError "type mismatch"

Bl 5 AL ARG A ARy SCIL

WEHE: pure JRTE return, {XINAR Haskell S2EREK,



RAURG A PREHE S — DAY, BB BEORBABEN T2 DRIERT . MO, XDNSE %
Mo, FATHARBE TR R typero, FATTAIX PN EBUBOAE BYRE AL B AR . 7E A
R AR [LAM] HF, FERG A SRR, BATREE 2 BAINENE ST - —— ARSI IE
IR AMRH, THEER L FRBABEAN 72 DRIERT, B Local i BUZ2—PRTHIRUHT 4R, K
1584 Local i BRINENESE 1 vp, RHSHELEIREGER, RENEEAERRE, KK
THE— e R T — 1 B AR, Fr DA TZN R B T R R e, AR & ds =
BRI R, KL typer A FHTAEHE Bound B2 32,

THER, TEARERTHEMTIUN, SURISEM A AR B A AR Type HEAT ] S AV TR ZA M
HIWRSEIE, AR E SR AT E — (unification) o

AT AE 6 AR, FHEIRFERE SRR T AR R substr AT
A A ITH AL substv, BEMSIAFTREL I MR, 1 Bound HY7CH, FATERGEIBEIN
LEEBNETREEMAZR, £ Lan U725, BATERN  (E, BFAE X MREEGAS,

g AL B2 i S S g S Ta T Y,

substt :: Int -> Termt -> Termr -> Termt

subst* 1 r (Ann e T ) = Ann (substv 1 re)t

subst® 1 r (Bound j ) = if 1 == j then r else Bound j
subst® 1 r (Free y ) = Freey

substt* i1 r (App e e') = App (subst® 1 r e) (substv i r e')
substy :: Int -> Termt -> Termv -> Termv

substv i r (Inf e) = Inf (subst™ 1 r e)
substv i r (Lam e) = Lam (substv (i + 1) r e)

6 N EHRTAHISCEL

2.4.7. 51/

FATR AT BRI N T ESRE BRI SE A T HATIET— ANl SRESHIREFSE value, 124
REATTTCIEFTEN value BFUMME, HARERT value PEAHZEMEHINT, XK value 2B vian 4
18 THEZ M2 — 1 Haskell BREL, FATTARE G HAMSSAYARFE T A HIRZE Show £ Eq™2, AL,
AR E S B — MEM R, TR EHE] quote PREL, RIBTER 7 FH4AH,

quote® :: Value -> Termv
quote® = quote 0

quote :: Int -> Value -> Termv
quote 1 (VLam f) = Lam (quote (1 + 1) (f (vfree (Quote i))))
quote i1 (VNeutral n) = Inf (neutralQuote i n)

neutralQuote :: Int -> Neutral -> Termt
neutralQuote i (NFree x ) = boundfree i x
neutralQuote 1 (NApp n v) = App (neutralQuote i n) (quote i v)

7 ALHEISIHE

P quote 32— NEEZH, MSBAPRICRENCEHEN T2/ DEIERT, WX, X
NSEERN o, TATIIREL 7 HE KL quoteo,

VIR ARSI SR AR,



WRIELE quote I ZE—D N IR (VLan), FRATER—THZEE Quote 1, TE'EILEL Haskell PREL
£, SRJE AT EREL £ IR BIEIR T quote (1 + 1)% IXE, FRAMEAEEZ— Int FIIE T Quote
SRR ORI 2R 2 S EA R H A PR,

WMEREE—TNHET (Weutral, HELE¥ BHL &N H TN NeHAME), WA
neutralQuote PRIERALEES, boundfree éﬁz%ﬁ)ﬂ?*ﬁ HEEA ST B2 — N HHE &
E— Quote — FL B ED

boundfree :: Int -> Name -> Termt
boundfree i (Quote k) = Bound (1 - k - 1)
boundfree 1 x = Free x

FH 7Rk B g R OB Q0T 5 | VA 7o ST const X AYESZE Vian (\x -> VLam (\y
> x))o MNEMNH quoted AITF:

quote O (VLam (\x -> VLam (\y -> x)))

Lam (quote 1 (VLam (\y -> vfree (Quote 0))))
Lam (Lam (quote 2 (vfree (Quote 0))))

Lam (Lam (neutralQuote 2 (NFree (Quote 0))))
Lam (Lam (Bound 1))

= quote HEA—BIVETTHS, BTN ELRTIAN— NG HIZFR AWRTES IR AR
ASMHEAAAFREZ AR, BT Quote MIE T ARGPE L B AR BUAH HINT, AR FAT]
IRE SRR EE I YT o A BT RTARYE 5 I AR E] Quote FIE 72 ML HUSRE 1R,
LR EAERRT,

2.4.8. i1
%, & BHIT2MES,

\

BREF: RSN “The value resulting from the function application is then quoted at level i + 17 F& A EEIFIX
“level”, PUMIXMAMIZAHEREIM T —X, HAEEXHEARINER, RN, REFREEMIFETE “refer”
AT #R 74887, s TSRS, SO Haskell AR HEACRFR HR

MR RSB EAN, KA,

BT RSN “If the value is a neutral term (hence an application of a free variable to other values), the function
neutralQuote is used to quote the arguments.” HtAMFE S BAAZH AR (FA D MRS EOA B2 quote TR
neutralQuote), WIFHELET TiX—A,

SRETE: R PEDRAE N,
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3. MME IO

LEATh, Tl B M2 \ B2 RGP0 A W, AR TEA
HITESL, Fell 12 eIt o e MO AR, B, TR 2GR B, k(AR
WU, FEROXEH b5 A REIRGE A s hitt, S5, BRAEA S oo Al A S,

3.0.1. fX{H PR W]
£ Haskell IXFEIEFH, FRATTDUE L ZREL, BIANTE S K%K

id :: Ya. a -> a

id = \x -> X
FIHZ A, TATTAT DAIEE G A [R] 25 B 258 —— o an B B A /R —— R E 9w 5 [RIAERY BRI R 5 R
LSRN —FPRBI R, WA —F B X (explicit) 1T, IXFE—K, EEREGREEZ N
DN — DR o, FI—DREN o B9E, THEVE X MESFREUN, S8 A — 28
RH BN (instantiate):

id :: Ya. a -> a
id = \(a :: %) (x :: a) -> x

id Bool True :: Bool
id Int 3 :: Int

Kl 2 S ARVFRADS SRR TR W 2B TEZ S A RIRTFEEIE? 5 & DA N EdE2e

data VecO® a = VecO

data Vecl a = Vecl a
data Vec2 a = Vec2 a a
data Vec3 a = Vec3 o a a

TR, IXLERANEEE FAEI, BAIMEREE — N —MI8% (family), FHHOTEEEI>T
Gl

Ya::x.Vn:: Nat.Vec an
{H7E Haskell BBERATTAREM HHIX 2, FIBTET, XREY vec BAME n IRV,

IR R EZS ] v 97  TaE RS E -7, 8 VF BRI EOR [EHE R R BRI T A E Y,
Haskell IS 3N L 725 (parametric polymorphism) B] LA AEEMAB PR EL — iR, IXHZFR
TMERRTS v il BS5SENZERFRNE, REREEEEA RN RIHTHR, -
THI ) vec KA — A RARIESTY,

ERTERRE, MRAERES R H RS RIRZ I, BN, BATAT DO AT E3A vec 28RUAY
TESF PR 1d BIINX R SRR AR

Vo ::%.Vn i Nat. Vo i Vecan.Vec an

VPR RN “The dependent function space vV’ generalizes the usual function space ‘—’ by allowing the range
to depend on the domain”, FEF RN NIRRT TEPE, B, MRIEEBFKEL zeros =2 Va = % .Vn =
Nat . Vec an IREIFZET Vec o n BIRMKE TS50 n HIES

P KO9SR AT DA E— R E, N —/ N1 — D] BRI R R R T

ORRIZLZRRAERECEADN 128, HHSIXAE: Ta: +.1n : Nat.Vec ano IXHMENIT 2B TEMRAE
B N TEHER N Ao
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FEEI o FAEREA R B MIXgUE IFRIE R EZE ], JX Haskell B/7 KU E42
RAE T o HHARXAHTTFIAB v ZFEABEIZR, TAIAGAAMRIERIIE L 5L
ko DRI b 9 AR gt T DS R

VYa::x.Vn ::Nat.Vecan —Vec an

£ Haskell FY, 27 5 A] DA—E R BB I RESRAYZE A [11], BIAnfERRY = BiE AR
B (MR E X zero F Succ IXFERGEHRIEAD) , AT, RAURMNMEIZMEA) B AR, K55
BeZ 5, MERIGT, BFRMINEM DR Z REE KBS, RER N mMRIERIE
G n] DLRHEZ AR PR T2 R, (HE X SRR T R VP 2 MM S A1, T
FEFRARAEETY, AR DB FRER RS EL, BRI R SRAE MU — RO TR R =
BEIH,

3.0.2. — V) inm

FVHELERA A B B B THE 7RI, AR # 2K (kind) B3 5. ARINER Z BANHAEIEE L
HES, KA—YJEIE, £ Haskell 7, 15 > LR SRETEEERCBGEK: f£0 -
Nat H, 0 FEIETE L2 —ME, T Nat B2 — DAY, 7E Nat =0 = H,) Nat FEIEE LB — A i«
TNk, MIE, * Nat 10 #2TAW, 0 :: Nat Fl Nat :: « fRSRBRAZ, BFTS «: > BIfER2
KRS RO R . BRATTIEEAR p o+ AT p NRE WARSFRIE « ek, (HETHIXLE
SEARBAERR T —MEEBR T, XK, FrEIESSWMELM s &88aTH 17, Fealih,
BATERAE r] DAE R AR AR 2K O B TR A R R T

ERNMELAE TR RGOS, 7Tk, TATRITIEKIIN ZXN A ME 2R
1B

3.1. iR iGL
BATABEFEX /AT, KM T, e EBRF A SEIIES RS2 T iRTHE S

e\pyri= e p I T L
P T L
| Va :p.p K AE B 2 = 8]
g £ %
e oy
| Az — e NE:E

MREETS 2.1 THZZ L ISR RN,
MERNHBE RS p 11 s F55 RN R L AR,

JEAAL TSI 2K A TR IR P RIS IRAE A N T HER . Fh 26 « IAERZE— AR, KI5
Bl 1 IR A B ET SRR EAETASE R, R BNIAIE B I AEHE S = —

12



3.2. R1d
BTG A SRAERNGNE 8 FivRo BR T 5B Iy - M IS SRR, FrE HUERFIA BIJC—
B, RFSEEEF, RKEZAY R 728 (HiX 2R TEER . AMESRBIRE T EJRT
FHEMRANE S BIEE T, X —RIRATEREE R ES e R E, 1T &,

P i RELSEFETEY

. p¥T P s m s

8 A HTHEHSRAEALN

WX E, FAFIAREETREERETRAB2EE 7 X« REXFHCES; FERIEN
By, AT O AR RURR RIS AE,  FRATUHE R R (B A5 E %

v, T =N P T
P %m 2%
| ¥z 7.7’ K AB B8 %K = [
| Az —» v DL
MAEBNMERIFS r T8 E N IE,

3.3. FRIRGE
TEFE MR 2 51, FAUSSCER— F2RANES, RoVBIE—Y] B0, 8RR IEIEME
BRI (B9, 5K 2 xtkk) B2RMAEN HIE I T,

[Nu=¢ /\E'\L%i%
| Tz T Ahw—ANEE

valid(T') Tk 7 ) %
valid(e) valid(T, z :: 1)

9 A HRANES M HAE

BRI A —MERRAE, R R RE R MR A B, R R SR T i
AR KA G RIZEAY, AR IBIRAREMN R AR T b 7oy « S5 HI A ERR — MR
R RAGPERT AT, TR BATRIREE ISP —— AT T A B RR ZON AR B L1 18 RATERL
7o RX—AHRAMFIHIR T r PASHE R R,

FANERE 10 gt RANBIE S TESE, 1A BUNIEA S ——FTA B AT RE LR
{Eo MIZHT—HF, Fefilmse 7RI ARRIE 3 AN EEER 73 BA MR R RIS 22 AN R RIS
H—NREZRHN, TAOTH = F—DREREAN, BATH =0 BHEIE « F1 v B T3]
REFEMT HERRIATAR—28, FIZATIHEN | BB —4E, FABRoe BN A HELRI PG 1B 54 2
AR

13



F'kpupx pd7 T'hespr
F'F(exp)mpT

[ANN]

Thpzpx plr Toxurhkp =px

I oxoeg ok [PERIR, FEVzp.p/agx [P1]
I'(z)=r1 FrexpVour.7” The'ar fze]lr”
Tranr VAR TFee ot [APP]

I'Fewpr Mzuthen) 1
Thex|T [CHK] Xz —ex Vour.7 [LAM]

Bl 10 AgRYSEFIR

AR IR TR [ANN] B WIAES)) . EfE p B9 RSN A 2128 RATEM
W, TR EEERAR BN, RN KR p ERDE—ME, BATFEINERE, Ra
IR [ERAEES Ho

Fr2k « HEHZERGMZE « [STAR], RUERXMEEEFE—EHIE ERISOTER (WERHY), Al
MEMAS S, A TRBIRIR RN, XSO R,

ERAERR B RIFIAN (P1) AN 2 G SkSERR) RAGPERLIN [FUNT AL AL, ARIE PR A
KA p FIRIEIZERY p” FRRAITAE TH 2K «o S ZRTHIMN [FUN] BRAFERGE, o PRl DAEE
2z, RHEFNHERE o/ FINBEER ¢ 7 CHirp 7 2R p2 RIEMSER) MBS T,

FERREU A [APP] A, BERRECME A IRERECER v o 7. 7/ 5EERICERIAFRE,
7 R DS oo B A RERIF S, RANTRER " HHIEES o BHRRELES ¢

X AT HERT I ERC AR [CHK] 2 ER AR —HF: 4578 — MAI e M1—1RE 7, KATE
Wit e AT R o A 4R T B A SR BUFIITEE A 2R + 2 AMHSE, 2R, FRATEIEANEAY 2 TR
EAYREY R X R SRR S PR BRI TR A B R RS 2 . NREZ Vec a2 T Vec o (1 +
1) R ZE—PRE AR T, MBANTRRGREIRAE ETESE, KoM RRIR) R
B RAE Vec a 2,

VP2 SCRAMRIEZE R A R R GUER A — SR AR AT AL -

Tkexp p=zp
F'ke:p’

SR, IXEHFRVER BN (conversion rule) IR T AR B AETEIEHIS Y, 1 X 20 AT HEWT IR 7]
KB IS AT RN EEA ORI A A AR T [ANN] B A 752 W IX SR L R ]

B&Ja— AN [LAM] ARG E A iR H, SRR, X MREERBHER — MRIEHE
BEA, HEZR o« MUATREHBIERBUR e b, ICRTREHIIEIR ISR 77 w22, (K] HAEXT PR
BUAK e (EERARMG AR M 77 ik KAG AR, AR RIEAIESRT, « == 7o
JREETR, AP ERI G B Z B S8 TATHE S =113k 5 | AR M OBES BE THY - BREL
2B B2 A RAE R 2R [ 5 AR 25 U2 TR IO,

R WA TE
SR 7 S 7, R (P IR 7, BORSSRRIESEAT N p.
PR AT ATRE BUER I + N L

14



3.4. P

A HBIN BB R B IBIEG S0, BIEMER, B SEBL SSRGS AT DAL B
o fERETRIERDE, BATSEWIINNSNAHE, BN THEERAE

3.4.1. fIRIEL

PAEBATAETRE Type M Kind To FATTN Texm BRI T MEIEF, FHRAGIEF Ann FHHIEERY
Type BT Termv:

data Term+t

= Ann Termv Termv
| Star

| Pi Termv Termv
| Bound Int

| Free Name

| App Term™ Termv

PAMETRZY R AR R AR

data Value
= VlLam (Value -> Value)
| VStar
| VPi Value (Value -> Value)

| VNeutral Neutral

MZii—F, BATHEMHSRIEEFRE, tHlEH Haskell BECRFE R E L, BATH vpi
FORHTIR @S5 v/, fEMR(ERENZ A, H Ve : A. BEIANHEEE « FEHIEZEH
BRT A F (HEREAIRIEIZRA B ATERIRERL S o2 (A, AU AT DA st Fj — 4
Value %78, MHR[BIZEBUNIZELH Haskell BRI value -> Value 7R,

3.4.2. K1H

FIERLRIERS, BATATIIREL evals BRI TR star R pi BUHT53 3, WA 11 s (O
HISRIERE L 4), Star FISRIEAEE R, KT pi, FRATRIEH AZRAFDREZEA HAFRIE
IRAIEAIRS . BAFRERYER & « ININENIER,

VStar
VP1 (evalv T d) (\x -> evalv t' (x : d))

evalt Star d
evalt (P1 tt') d

substt 1 r (Ann ev t) = Ann (substy 1 r ev) (substv 1 r T)

substt 1 r Star = Star

subst® i r (PL t t') = Pi (substv i r t) (substv (i +1) r t')
quote 1 VStar = Inf Star

quote 1 (VPi v £) = Inf (P1 (quote 1 V)

(quote (1 + 1) (£ (vfree (Quote 1)))))
B 11 A RIE. BHns | Hy R

2P R A F VAL WIRFETHS, v REERFL— T,
#PEE: WWHRNEEIRSE, RSN “In the dependent function space, a variable is bound that is visible in the
range, but not in the domain”

ST AP e : A. BEENz: A. B(z), BI2EA B 2XT{H « WKL

15



3.4.3. i1
B AS R I H A B E AR IR RS L, FATF R REREFENER, itk
FATaN R 8 SCRAFIE SR -

type Type = Value
type Context = [(Name, Type)]

3.4.4. FRIK
MAEBA 1B — A& 12 FE2 3, IRA] LS E 5 X b,

typet :: Int -> Context -> Termt -> Result Type
typer 1 T (Ann e p)
= do typev i [ p VStar
let T = evalv p []
typev 1 [ et
pure T
typer i [ Star
= pure VStar
typer i [ (P1 p p')
= do typev i I p VStar
let T = evalv p [|]
typev (1 + 1) ((Local i, T) : IN)
(substv O (Free (Local i)) p') VStar
pure VStar
typer 1 [ (Free x)
= case lookup x ' of
Just T -> pure T
Nothing -> throwError "unknown identifier"
typer 1 T (App e e')
= do o <- typer i T e
case ¢ of
VPi T t' -> do typev i1 T e' <t
pure (t' (evalv e' []))
-> throwError "illegal application"

typev :: Int -> Context -> Termv -> Type -> Result ()
typev 1 [ (Inf e) v

= do v' <- typer 1 T e

unless (quote® v == quote® v') (throwError "type mismatch')

typev 1 [ (Lam e) (VPi T t')

= typev (1 + 1) ((Local i, t) : 1)

(substv 0 (Free (Local 1)) e) (t' (vfree (Local i)))

typev 1 [ _

= throwError "type mismatch"
K12 A\pRAKE AR S

MNFERI e = p, BATETCHRERGEREL cypes IEERIUEME p B £ «o BEBATH p K
{H, FIRIEZER 7 3 e (ETURRE, WIASRARERY), BRI o ERERI
fBi% typer ATACEERZERIFF IR AR E R, RILBTTEZIESE evaly — PN,

Star SRIEEAIZRIYZ vstar,
wFTE: 7 JRAE v, AR TBIRNEEEIR,

16



M FRAERERI Vo 2 p.p/, BATETENEARE p (EEEE, REKHEREN 7, 45,
BATRHE 7 IMAIESRE, WIREIZRAY o/ fEfe 2R A0 —— X AV EEE RN IO Lan 7ERAURG A
FIRINA FRb R T2 ),

X FEREN H ee’, FRBUHERTEREL typer BIESLAH—ME, ZENFERLIUZ vpi © 0 —
LR MMEREE A, TEE 10 FHMAYRBIRNI ) JREISRAY o RS E R R EA o B, MTE
LI, o BRI, BHRIEIEE o MAT CRIEFR) o SZBE,

TERCER Tnf B, FRATTRAAUN A TE 1 v FIHEIRT Y v VBB SE M HI T, SN AR 2, 7
Haskell HEATABEEEZ L value, RILFRATER quote RHIXW/MES | BRI, ARG
TRV ETETEAR S ] T

MFNHE Az — e, MAEFMNTEREEEGMRMEREEEE vpi © v RN, —FF, FRATELEX KL
R e (ERAGEN G EL E o CGRBDN 7) MAER; H5XFAFEPE, IFERR TEHH substv
BRI EUR e I oz 286, IBER o MHT (Local 1) KEH: 77 Y 2o

M, BACEY e Heph %, EHRE I I TR ISR FFRENS A TRATEEHY Star A1 P1, 4N
11 FiRe KT star, %A TREFHRAVRIE, MXT pi, BATEEXIREISEA S G it
Basie, AN T —ZIET.

3.4.5. 5| H

ITE R ZEHY RS R quote, FRATHINSEIARIN &AL T o 5IRRIETEN g ELTEN HEE A
HE, FWBAI, AR ERNSETEEHEERE, MHEHREFTZEHE quote,
Bl AR B vstar F1 vei, G0E 11 Fimr

51H vstar 2188 Star, MR AMERESEAZ—MIESM, 51H vei © o FEEBRLT
SIH viam: TESIRIREIZEA o I, FRATRHACERE REOR I 2RBUH) Haskell BREL o AT Quote
1, SRIEXEEERN A quote (1 + 1)%,

3.5. {RAERM S IAE?
MERNELTI THREERARS, 22, BAITERIEERBE]
FZEI—F, BATAG A ESRT 17— AV DHERds, T Ta] U EE SR, T3
WA, BIAN, FRATATDOXFEE e 2 S EF R CRRISEE BXA) :
Dletid=(Aazx —z) V(e *).a = «
daV(zex)(yex).x
) assume (Bool :: %) (False :: Bool)
) id Bool

Ar — x :: Vz :: Bool.Bool
) id Bool False

False :: Bool
FEEE TR R RA ARV EEE 2, (HHEA A ERMREREATTR, A, REFR]
E4H THAERIAIHEZR, BB TR RIERATVIE S I —LeR5 e AR, BITME 1~
28 B RNET,

PEE: JR X “For a dependent function type, we first kind-check the domain 7. Then the domain is evaluated to
o! WAL TEE IR,

23F: A “To quote the range, we increment the counter i, and apply the Haskell function representing the
range to Quote i

17



4. \g 25
1E Haskell F1, SRR RBERTRAT data A3 AM:

data Nat = Zero | Succ Nat

XIS THER Nat, PLRERIMMEIE T Zero Ml Succo TIAEATH, FATRIRIT AN
BRI —— BN B 2R —— kY RBATRNE S

AR, BATHEEAINZER Nat DU BRI MEIE o (HEATTEAMAE SOEAINTARI I RIR T
HIRREIE? 1E Haskell 1, FATTRTDALE RO S EERIEAL, FHE)A18 B B R /N

plus :: Nat -> Nat -> Nat
plus Zero n=mn
plus (Succ k) n = Succ (plus k n)

s, BATRIEEE EEL AR, HEBAERE, X NAE2E X plus WE?

£ Haskell /1, FRATTAT LM fold [16] AEFEISALE SOBITREL, AL, MHELT I AR —HER]
AR ZCUCECHNE)T, AU fold KoV BAECE XKL, NEFERERIEAHE, AT PUE
N—EEAR fold, FAIFRZNWH EF (eliminator)s

HZREH fold BREEAN HIAY:

foldNat : Va i x.a — (o — a) — Nat — «

XM IZIRIGE, i, AR, K0 o TTHRAE B REUN S MEE 2 R F— 2,
RIHFATEEF m 2 Nat — TR o oo AT, FRATTATDAZEHY natElim HYSEHAY:

natElim :: Vm :: Nat — % AL
+ m Lero HEEFN
— (V1 Nat.m 1 — m (Succl)) VA h 1 I
— Vk :: Nat REH
- mk R E KA

HETHE - NSEE R MYFR N S (motive) [10], ‘EREHR T FATIBR LI H, 8B 1S
BOCH Y Z A 5L (base case), ‘ERIRTIZFATEEHRE Zero 1£48 m 152IW, B =728 M A
9945 B (inductive case), ‘ERRALZEFRATE B AL Suce 11E4 m 15FIHY, TEVANIEH, FA 1
SRR A\ B IREL 1 FI2REYE m I AIE H— N 2RBE09 m (Succ 1) BUZRVE, &fa—MZSE0ILETRA]
FHENET, natElin IR EIEAIGEZE m &,

&8 EIRTHEFIRIGHIE &, FATAT Py B RE G R ATEl 13 A1 14 R BY SRAE RIS BRI,
FEREFANTAE natelin HE—TRE, MESE—MNMAR B RS (term former): EABEAZ R ER
FEER L, SRS EUEFNA READ A AR I, SKAEALI P ERR BT 9T fold Qi —H#i, XF
ARk SRIEFTRES S — DA EDR, FAT TR — SN BEIXAME il @B IXANE N,
HETFHSRESRE, MRESRFESEE TuEM g-MAR) HET natelin KR H,

S PETE: I, BB fold FFEZIEMRATH Nat MIPMEIE T Zero Al Succ SRR — PRI 2%
F natELin FHEZHIERIITA,

PRV BEHIT TAR, 1 natElin 06N AKTRDE AR ST, IF(ER RS T YRR,

SBEE: RO, REURE AR R 2B

18



kYl
Nat | Nat Zero | Zero Succ k | Succ l

kl Zero mzlwv kl Succl msl(natElim m mz ms 1) | v
natElimm mz ms k | v natElimm mz ms k | v

kln

natElim m mz ms k | natElim m mz ms n

13 HAKHPRE

I' = k=) Nat
' Nat g % I' - Zero ::4 Nat I' - Succ k=4 Nat

I'Em:pNat — =
mZerod ™ I'bFmz:u) 7
Vi:Nat.mk —m (Succ ) § 77 Thkmsu) 7’
I' = k=) Nat

I' - natElim m mz ms k=4 mk

14 HARESAE N

4.1. SEPRHREL

BEE—TN, MEANIES RN B AFE RN =R 288 Nat, MIET Zero 1 Suce, AN
HZET natElin, FATEY BHFIEE, FRMEMEAEERETRITHTI 7737, IXEEHH 7337
PHFEEBRINEREE, B AFATR S EHRRE A B

4.1.1. RIEE
BATan 2y R iEk

data Termt = ...
| Nat
| Zero
| Succ Termv
| NatElim Termv Termv Termv Termv

PATIAN Texme TRAN T PUE T2 BAEZER Nat, BHBRIIE T Zero F Suce, DAKIHZAT NatElin,
FI3E T NatElin B5EEMAIRT: ENERZEZHZSH,

4.1.2. K1
ZHl, HREWRM NP HRE R, MIE, BNFEY BHTRRENETERASRE
LS GRL A

data Value = ...
| VNat
| VZero
| VSucc Value

FINHRFRUREZEGE R SRHHBRROCIORERIE TN, HEATHRERS F~E. M
R, BATENIZAE O R T Ron b IR SR A

data Neutral = ...
| NNatElim Value Value Value Neutral

19



B 15 HRIERYSCIR T FEEE 1 18 13 FRETRLI,

evalr Nat d = VNat
evalr Zero d = VZero
evalt (Succ k) d = VSucc (evalv k d)
evalr (NatElim m mz ms k) d
= let mzVal = evaly mz d
msVal = evalv ms d
rec kVal = case kVal of
VZero -> mzVal
VSucc 1 -> vapp (vapp msVal 1) (rec 1)
VNeutral k -> VUNeutral (NNatElim (evalv m d) mzVal msVal k)
_ -> error "internal: eval natElim"
in rec (evalv k d)

15 NHEREBY FOR{ES:

Hrp, HEATFRWEEMERIE. AL, HETIPOREN 1 Haskell BHE rec, HAT
NEFIU: 5 RHBORIEN vzero, MISRIEFEIER L nz; A RHHEORIEN vsuce 1, MK ms N
TR § FOHE R TFHBEIAVA rec |; )G, HRAHBOREDIHMEIL, WEEA natelin BRIELS
SRR, R AHHEIEA 2 B R Z I, XA E N Bl = FBEEAR,
Klt, RIGHITRIR T SOKIEAR AN S B T,

4.1.3. FHl
K 16 5 7 T 8RB UAG & 2R S2 B,

typer 1 [ Nat = pure VStar
typer 1 [ Zero = pure VNat
typer 1 [ (Succ k) =
do typev i1 I k VNat
pure VNat
typer 1 [ (NatElim m mz ms k) =
do typev i1 [ m (VPi VNat (const VStar))
let mVal = evalv m []
typev 1 [ mz (vapp mVal VZero)
typev 1 [ ms (VPi VNat
(\1 -> VPi (vapp mVal 1)
(\_ -> vapp mVal (VSucc 1))))
typev 1 [ k VUNat
let kVal = evalv k []
pure (vapp mVal kVal)

16 NHREY AR ELR

XHREIE T Zero F Succ FUZAURG ARSI REAR Y HAL 1o (EXHHE T natklin FERIG BN A LEE
2T HRE—T, HEATFHIZEAERE:

natElim :: Vm :: Nat — % AL
m Zero HEEFN
— (V1 Nat.m 1l — m (Succl)) V3 44 1
— Vk :: Nat GRlEE
mk HE KA

20



BN EIFRESIH ne ZF 0 BEZ)G, BATHELA] DG EEMESAENER T, HT4
B Zero BIBRIEL nz M EARM n zero, M TR BAREGARMIKEL ns MW EEIHRA VI =
Nat.m 1 — m (Succ 1), POFFFBhEAXNE R PMERT, BERAGHAER2, &E, &
I k fEREEE, BREREFISE — D EREL BB natElin FUIROISEAUGL 2R s 4L n AUIELN F T 1%
B« ES ISR,
4.1.4. HAhpFEL
FISERR E IREHYE S, BATLAZIURE R F F T8 4 5 | RO 5H Bl R 88 ANk i L5580 RSAE 4 fa
PAERE, RONBA A I AFTII S5
4.1.5. ik
BT FRXERGZ G, AL T ] DIEBA TR RS e I 1

) let plus = natElim (A _ — Nat — Nat)

(An — n)
(Ak rec n — Succ (rec n))

plus :: V(x :: Nat) (y :: Nat) . Nat
BA @ISR IERNE — DN SEOHITIHE, RE X FE plus, BATTNESERE SURTENF HLE SRR
BHRBUER R Nat — Nat, FRAURILIZESIHA A\ — Nat — Nat, TESEEROIH, FITFRER 0
IEIZE n B R EREIRE n, TEIFNERT, BANSE AZRTIX kb BTV H rec OF
N FHIE plus k) FIECE n, TFRATEIECTE n F Succ kMMM, FRATAH rec ¥ n 5 kAHM, &
TSR FHE—E Suce
EENT plus ZJa, FRATEEAT ATEMRRE RS B SRAE R A mE T

) plus 402
42 :: Nat

4.2. PR &
HE BRBOLREARSIRAZRME: FA17F Haskell L HRERRANG HIXAERIEIESEAL, AR DMENE
IEAEURESRBIEIT, Bl RS R RS\ &,
M EARE R, TAZENREE X =DM mERE, WiETFREE T, Bilzaiegsa st
MEARE EH— DN R — D BRI E N SE:
Vo o . VEk i Nat.Vec a k :: %

A= AIFIE A1 Haskell FU%IER List IR1G, ME—RIXBITETRENEEFSKKEREICRE
Faid 2R

Nil ::Vea :: x.Vec a Zero

Cons :: Va:: % . Vk : Nat.av — Vec a k — Vec a (Succ k)

2PEE: R “Despite the appearent complication resulting from having to hand code complex types, type
checking these branches is exactly what would happen when type checking a fold over natural numbers in Haskell”

BB NI BT TS
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AR AVH R T AR EMSIRE folde AHF, (HERSBIEhEH> (Rt EE ) :

vecElim i1 Vo it THREA
« Vm :: (Vk ::Nat.Vec ak — %) AL
« m Zero (Nil @) EEFR

— (VI Nat. Ve a. Vs :: Vec al.

ml xs — m (Succ l) (Cons alz zs)) V3 44 1&

— Vk :: Nat. Vs :: Vec a k FHEE
- mkzxs R KA

BMEEFRREENMENITTRELY o 20, REGENSEEZ s, fEARBIEE
F natElim —FE, vecElim BISIMA R FB— MEZ A& (Vec a k). IR[AIZEAY (Fh3k «) AYRKEL,
MAAAERUGEKE b ENSE, FSNIEFTE D nat BISEL (VE 2 Nat)», FESR
FIF N SEOE N T Vec BIF/MEE 1. M Nil FoRZBAE, KIS N TS S 8%
AR m Zero (N1 )0 FATACHHIANIE M ——MELRMIE T Cons— IS EL, MFEEZ—DEF 1.
—DNRAR o WTTE o —DNREN I E zs, AN HEE TSGR, HEA N mlzs,
ERERXETTRE SRR, WIEHAETEEE m (Succ 1) (Cons al z zs) F—MAIA, %3
BN RN THRIEN Suce . WEN z : xs HIAER, TEA] vecElinm IR TIXESEZ f5, FATHIGE]
T M REHEEEKEMERERELS

XMHETHERAERRMAY E %, AILARBAHEEMSNERR) foldr LR EL:
foldr : Va:*x.Vm:x.m— (a—>m—m) — [a] > m

BATATAEZ], EMNNGEZE R, vecElin RIS A EIUEARET, HIXRE MR
EHERSHNARREANSE, mEEXAERBNSE

FLE, NEIANSEER DI ——A LS HEE NS BRI R, IXAERTRE IR
BIEEEE, HHETREEFEHAAETPHET, b BRESEY, SRR ER—
PATEE-HEE IR T —FEXA, RERIES,

4.2.1. R
MBERE—FE, BATEY BMRIEE, AT Terns HIMARRAER, ME RN E T

data Term™ = ...
| Vec Termv Termv
[ Ni1l Texrmv
| Cons Termv Termv Termv Termv
| VecElim Termv Termv Termv Termv Termv Termv

FEEMEF L BAE 28, XERNM MG F TR I B 280, B TEHRE TR
FAWENSEL T IREMTE 2 R BHRERIM S, WS RIS — @R RGN : FATA] ARG
RN Cons FIZERIBELIR Cons FIRIESEYL, FRAGIE 1N AR E DT Terns MAZ AT HERT
U Texmro JXAEFRATTRL AT DATE M HTIX P E3E I MELESEL, AU IR BT T U SRR 1A
RIBAHIZER,

SPEM: XA “but its type is a great deal more specific’, {HAKAT, FEKRIERE foldr, B,

HPEFEE: A TRIE“RIE” (quantified),

SPEME: RN “As was the case for natural numbers, the motive is a type (kind *) parameterized by a vector. As
vectors are themselves parameterized by their length, the motive expects an additional argument of type Nat.”

SPEIE: JE XY “It combines those elements to form the required type, for the vector of length Succ I where x has
been added to xs”
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BANETZY R T EM A LI R A

data Value = ...
| VN1l Value
| VCons Value Value Value Value
| VWec Value Value

data Neutral = ...
| NVecElim Value Value Value Value Value Value

4.2.2. {8

Vec ZRAUMIRIERS UNLL FT VCons HISRABZIZEEMATIY, B IE TR R TR E N E, [FIFE,
ME—(ESERIENRHETIRE, WK 17 B, WaiANR, BT RRMFHIFE LR fod #
1E: TAMBIBFHEAERZ il B2 veons MAMMNIISEL, 1 veons I, BATEEX M&
FIREER xs (KJER V) BIHHEAEE . AREmER MM, WA SRSy, 18
[ NERE Y Sreta sl G TN

evalt (VecElim o m mn mc k xs) d =
let mnVal = evalv mn d
mcVal = evalv mc d
rec kVal xsVal =
case xsVal of
UNil _ -> mnVal
VCons _ 1 x xs -> foldl vapp mcVal [1, x, xs, rec 1 xs]
VNeutral n -> VUNeutral (NVecElim (evalv o d)
(evaly m d)
mnVal
mcVal
kVal
n)
_ -> error "internal: eval vecElim"
in rec (evalv k d) (evalv xs d)

B 17 NAESEIRIE

4.2.3. FRUGHE
B R TR ERS, WE 18 Fr, REENEEK, BERELESMEETE N TR ZEMT
2B PRI AN B S 1,

BRI, BATTE B HAI S AT RS, FOVEMTSlE R B T 5,
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typer 1 [ (Vec a k) =
do typev i [ o VStar
typev 1 [ k VUNat
pure VStar
typer 1 T (Nil a) =
do typev i [ a VStar
let aVal = evalv a []
pure (VWec aVal VZero)
typer 1 T (Cons a k x xs) =
do typev i [ a VStar
let aVal = evalv a []
typev 1 [ k VNat
let kVal = evalv k []
typev 1 [ x aVal
typev i [ xs (VVec aVal kVal)
pure (VWec aVal (VSucc kVal))
typer 1 [ (VecElim o m mn mc k vs) =
do typev i [ o VStar
let aVal = evalv a []
typev 1 [ 'm
(VPi UNat (\k -> VPi (VWec aVal k) (\_ -> VStar)))
let mVal = evalv m []
typev 1 [ mn
(foldl vapp mVal [VZero, VNil aval])
typev 1 [ mc
(VPi UNat (\1 -»
VP1 aVal (\y ->
VP1 (Wec aval 1) (\ys ->
VP1 (foldl vapp mVal [1, ys]) (\_ ->
(foldl vapp mVal [VSucc 1, VCons aVal 1y ys]))))))
typev 1 [ k VUNat
let kVal = evalv k []
typev 1 [ vs (VVec aVal kVal)
let vsVal = evalv vs []
pure (foldl vapp mVal [kVal, vsVal])

K18 hARY AR AL
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4.2.4. append
BAERATTAT AR SEPR TR IR H IERMR(EERE R 1 BATEE — D RERF R A 2Rk,
FIERICFH AR KRR, ERREEST, X DB DUBIXAEE S
) let append =
(Ao — vecElim «
(Am _ — V(n :: Nat).Vec an — Vec a (plus mn))
(A_v—)
(Am v vs rec nw — Cons a (plus mn) v (rec nw)))
2 V(e ®)(m o Nat)(v s Vec am)(n :: Nat)(w :: Vec an).
Vec a (plus mn)
Fl plus —Ff, FATELHEZ JTEBHIE NS, KAAEE L T append, HILzHHL
B AN FIR. append IR [ A & AR NZ P A R A Z M plus mono [A1ZS AN

H—mE v HIEERZ vo [AITEAN Cons m v vs BYAIEM IR & w WSV rec 3BIHALHE vs —
‘B2 vs B w, RIGEE rec ERMIATHET L v*%

X TR G, BATAT AR E T

) assume (a :: *)(z :: a)(y :: @)

) append a2 (Cons a1z (Cons a0z (N1l «)))

1 (Cons a0y (Nil )

Cons @2z (Cons a1z (Cons a0y (Nil @))) :: Vec a3
BV ERE o DURIARN o KIPIPITER o My, REREEHA o BRERNeE S —
Ay HIA&,
4.3. Wi
TEARTTHBA AR OEE AN T DRI BARBEIR &, SSH R T, Bl TA] DR
I BA BRI, B, N EREERE n, FATATLUE X—PER Fin n, ZEMUAUE
HAVELE n AITR, R, Fin 00 Fin 1. Fin 2 9 50ER KA, B4 (unit) BB /RAEEL,
BEAR, Fin AT A RE — N2 B #K (total function)® WRARBIE B (projection)* K%K :

project :: V(a :: %)(n :: Nat).Vec am — Finn — «

KRR Fin o 5 BAUH n DHUE, BEERHAERS], MBSUKAZ LS,

T MELZE append [] vo

8P HEt/2 append (Cons m v vs) wo

WP MBERETEERE, FXXH “Appending an empty vector to another vector v results in v.
Appending a vector of the form Cons m v vs to a vector v works by invoking recursion via rec (which appends vs to
w) and prepending v.”

OREE: FTE R, SURX TR, ERE R AR, AL RO T A\ A TE L
(M, TERRIEIR, SIARE XATN.....), IXAERTRREAE RHIFR N 384 % 3K (partial function).

S WAl TARRG BRI R/ AR n DT,

PRETE: WAINIEE NS,
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5= MEHERIRIESETLZAR S £ A (equality type):
Eq:V(a:*).a— a— x*
EHAE - MEE T

Refl:V(a:x)(z:a) 2 Eqaze

X2 ERHET:
eqElim 1 V(v :: %) TTE XA
Vim:V(z:a).V(iy:a).Egazy — %) hAL
« (V(zma).mzz(Refl az)) EERER
—V(r:a).V(y:a).V(p:Egary) FFHE T
- mzTYp i [ KA

i Eq, BATATAERIEA PR IHIEAS TGS A A, filan, K8

V(a :: *)(n :: Nat). Eq Nat (plus m Zero) n

FRHH zero JE BRBUINEAH A BALTT (right identity)®, THARYEA] B -EAL4E R (Curry-Howard
isomorphism), T HA DALY IA] 10 Bl 20X — e B IR,

XL AN — L H AL 7 (0 S R IR SRR R R, PTDAMAL YT [7] R# R TIEH]
THRIEEANE S RBERRA, DA 5 IRERABEFREZER, ESMHS —RBUE [12],

TEATTH, BATTEEEHTHE F M EEEI A R OIETR, 59— R 2 EdEI S B4 4
75 (Church encoding), 4N, BATATLAHER V(o %) . a — (o — o) — o RFTREREL, X—i%
PREUEIRE, LNEETS . BATEH WSS B EHE) fold, ZRREHESE BT TH
ETFHRET, BRAFBNTE DY REIG, XK, 95 RAEFMREREREF —
BIANFRATIAY append BRE——RLARIS 28D 4R, T FATTAIAZ BRI R I REAE BB AR G S 1Y
URSTELA, Rt DAFRAT AN A X Rh 5 75 Ko

5. IR I e

AN E AR R HIER R IRHE S W AR, RERMNELR DS i Ha)ER
IR R HAERAGEFORME, HEER RS REE REUNERET, IEE LR TIEZEM,
RN FHA BESNHEATRMBARE ST SRR N AT B 2 8RR, R I i X L Al A0
[, BATR 2o HanfE By IEBRMIArE fIRA DA < EEREES, HiEFEmx
SR

M EERJLNET, BATERLR, AERTRERR-NIE, FHFAFRAZIT, Epigram [15]
B IO HERE S AL, SR TH A 7O EANSEH (9, 14], JEIIERESIERIsHAL, FATATEL
FERE SR R BN R 2R B HERFBRERATREFH AR 2 A H, (B e T MR 2R
RBIE 515 AR AL,

5 A2 RN P th4aIE 5 B, Epigram Fl Agda [19] AR F RIERBEE Nz
R (hole) ——1ERRFHHHNXEFR AT ARE XHPIRZS [20], T2 R AT LA RIR G 22 R EA
PR, IXERE IR BB RCRHIBR D T4

SPER: “BAST (identity) JRIE “neutral element”s

26



Hifll, FMIRZORFERET AT AL ZRREL, RN, DAIRATE LAY append BR
Boufl, EMANSEHY, REWDNREER, Fiaig, NEZENSE0ET A DAHERT K,
VBT HAER R N HRIRTE 5 AIEHB FE SR A X S5 2k (implicit arguments), F Al ATEVE
BRIEUN B IEIX S, TRETENE, XESEBZRE, BN append BRI Z M AT A
IR RKE bk,

e, BATEEPBATRTET R RER RS R RS (unsound) o RIT « AR E BFp KA «,
BATAT DAGwAL Y B R 428 (Russell’s paradox) I HRAP IR ——35 32484538 (Girard’s paradox) [3]o 1X
FEASTATTAT PAGIE tH— N B AR AN B 4 5T (inhabitant), BABEIXANRIE, PRUERIFRRTT
FRANFFRIGIA—DTRIBED: « FIRAIRE «1, « BZRALE w0, MKIHEHE

6. Tt

ERBCH KRB R AR LIIX A B KRB SR, Pierce YT [21] B4 FENRE N2
—, T Martin Lof FUZRANSZEIE [8] IZ5 ML ENERINE, t2iX—FEHAER AT TR
Nordstrom F1 Thompson 5 N HHFE 558 [17, 24] HAITFEMZ% 2R EUS,

HETEHE TR GWERIE S FIEMB Tl 6, Coq [2] 22— PG ESAS7T 2 HTIERBY
Fo BAREHAEEZENREIIUGREM LT, (53] Coq TR LAICHTE Y, Haskell £2
P R AT RE S B IE M AR AR Agda [18]———RME(ERHIRIE S . Agda HITETA NS Haskell
FRMRL, T B AT AGE PR DT ECAN — i R e %L, #J5, Epigram [15, 12] SEAIATAKINY
PR REAT T EAIRAYIRA, R HAE I E 523, {H Epigram HUVF 2 P& WAL HAth
EUPSEC S DS

TESIE R, BAHRE 1 R RORE ST — LR , AHRAERIE S TR E I A
DIRRAAPAIE R —F L b, BAHEX BRI & de A RE LR RSB £ (3]
TEIEAE L SRAEFIZEARG 2 TR AR B X 70 2815 AN, (HIX— X PR A7 1. FBU ST
RlE R TRTHIPkAR, (BRIR At TR 2, EEEZNE, A MREZREHFABRIRERATIR 2
HEo Pl BIX TR CEEREMS UL IRICSED, 51 SURIEHER —28, FHEUIR B TR RRIREZER

B

FA TS Thorsten Altenkirch, Lennart Augustsson, Isaac Dupree, Clemens Fruhwirth, Jurriaan
Hage. Stefan Holdermans, 2{Z/iX. Edsko de Vries. Phil Wadler, S48} 2 K0 J LR A R G0
IWHERISEA], Lambda the Ultimate 11X,  DAR P& A4 HAS A A SC L AR AR Hi B = SR L,
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